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ABSTRACT: An attempt is made to study the combined effects of magnetohydrodynamics 
(MHD) and thermal radiations on unsteady flow of an electrically conducting fluid past 
an impulsively started infinite vertical porous plate with variable temperature is 
investigated. A magnetic field of uniform strength is applied along an axis 
perpendicular to the plate. The plate temperature is raised linearly with time. An 
exact solution is obtained by Laplace transformation technique. The dependence of 
the amplitude and skin-friction on various parameters is discussed in detail with the 
help of graphs.  
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INTRODUCTION 
Study of MHD flow with heat and mass transfer play 
an important role in various industrial applications. 
Some important applications are cooling of nuclear 
reactors, liquid metals fluid, power generation 
system and aero dynamics. It is of importance in 
connection with many engineering problems, such as 
sustained plasma confinement for controlled thermo 
nuclear fusion and electromagnetic casting of 
metals.MHD finds applications in electromagnetic 
pumps, crystals growing, MHD couples and bearing, 
plasma jets and chemical synthesis. Radiative heat 
and mass transfer play an important role in 
manufacturing industries for the design reliable 
equipment. Nuclear power plants, gas turbines and 
various propulsion devices for aircraft, missiles, 
satellites and space vehicles are examples of such 
engineering applications. 
Hydromagnetic incompressible viscous flow has many 
important engineering applications such as 
magnetohydrodynamic power generators and the 
cooling of reactors also its applications to problems 
in geophysics, astrophysics etc. On the other hand, 
the study of heat generation or absorption in moving 
fluids is important in problems dealing with chemical 
reactions dissociating fluids. Since some fluids can 
emit or absorb thermal radiation, it is of interest to 
study the effects of magnetic field on the 
temperature distribution and heat transfer when the 
fluid is not only an electrical conductor but also 
when it is capable of emitting and absorbing 
radiation, Hence, heat transfer by thermal radiation 
is becoming of greater importance in space 
applications and higher operating temperatures. 
The non-linearity of the Navier-Stokes equations 
presents mathematical difficulties in obtaining the 
exact solution. One of the exact solutions of the 
Navier-Stokes equations of the flow due to an 

impulsively started infinite flat plate was first 
studied by Stokes [1]. Georgrantopoulous [2] has 
discussed the free convection effects of the 
oscillating flow in the Stokes problem past an infinite 
vertical porous plate with constant suction. Kafousias 
et.al [3] has extended the above problem in the 
presence of a transverse magnetic field without 
taking into account the induced magnetic field. 
A number of researchers have made contributions in 
solving the problems of free-convection flows under 
various boundary conditions. Notably among them are 
Singh [4], Muthucumaraswamy and Kulandaivel [5], 
Singh and Garg [6]. Very recently Singh and Garg [7] 
have analyzed the Hall current effects on free 
convection flow past an accelerated porous plate in a 
rotating system with Heat source/sink by Laplace 
transformation technique. The current interests in 
the study of magnetohydynamic (MHD) of relating 
fluid has been motivated by several important 
problems such as maintenance and secular variations 
of earth's magnetic field, the internal rotation rate 
of sun, the structure of rotating magnetic stars, the 
planetary and solar dynamo problems and centrifugal 
machines etc. On the other hand, in view of the 
increasing technical applications using 
magnetohydrodynamic (MHD) effect, it is desirable to 
extend many of the available hydrodynamic solution 
to include the effects of magnetic field for those 
cases where the viscous fluid is electrically 
conducting. The effect of a transverse magnetic field 
on free convective flows of an electrically conducting 
viscous fluid, has been discussed in recent and past 
years by several authors, notably by Gupta [8], 
Soundalgekar [9], Mishra and Mudili [10], Mahendra 
Mohan [11], Sarojamma and Krishna [12] and Singh 
and Garg [13] and Garg et al [14]. Such type of flows 
has wide range of applications in aeronautics, fluid 
fuel nuclear reactors and chemical engineering. The 
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various applications of MHD flows in technological 
fields have been complied by Moreau [15].         
Recently, Ramana Reddy et al. [16] have studied the 
mass transfer and radiation effects of unsteady MHD 
free convective fluid flow embedded in porous 
medium with heat generation/absorption.  Radiation 
effects on MHD free convection flow over a vertical 
plate with heat and mass flux was studied by Sivaiah 
et al. [17]. Recently, radiation and mass transfer 
effects on MHD free convection flow through porous 
medium past an exponentially accelerated vertical 
plate with variable temperature has been studied by 
Pattnaik  et al. [18]. Reddy et al. [19] have studied 
the radiation and chemical reaction effects on MHD 
heat and mass transfer flow inclined porous heated 
plate. 
The purpose of the present investigation is to study 
the effects of magnetic field on unsteady free 
convective moving vertical porous plate in the 
presence of variable temperature and thermal 
radiations. The effects of different pertinent 
physical parameters on the velocity, temperature and 
skin-friction are presented graphically. 
MATHEMATICAL ANALYSIS 
Consider an unsteady, free convective flow of an in 
compressible, electrically conducting, viscous fluid 
past an impulsively started infinite insulated vertical 
porous plate with variable temperature. Let us 
introduce a co-ordinate system with plate lying 
vertically on x’y’ plane such that x-axis is oriented in 
the direction of buoyancy force and the z-axis is 
perpendicular to the plane of the plate. A uniform 

magnetic field H
r

 is acting transverse to the plate in 
the presence of thermal radiations. Initially, the 
plate and the fluid were at rest and temperatures of 
both are also same. At time t' > 0, the plate is given 
impulsive motion in the vertical direction against 
gravitational field with constant velocity u'0, the 
plate temperature is raised linearly with time. Since 
the plate occupying the plane z' = 0 is of infinite 
extent, all the physical quantities depend only on z' 
and t'. The equation of continuity 0. =∇V

r
 gives on 

integration w' = –w0, where V
r

≡(u', v', w'). The 
constant w0 > 0 represents the suction velocity at the 

plate. Using the relation 0. =∇H
r

 for the magnetic 
field ( ' , ' , ' )x y zH H H H≡

r
, we obtain 0z HH =′  

everywhere in the fluid (H0 is a constant). In 
addition, thermal radiation term is added in the 
energy equation.  
The fluid considered here is a gray, absorbing-
emitting radiation but a non-scattering medium. 
Then by usual Boussinesqs' approximations, the 
governing equations to the problem are obtained as  

2 2
0

0 ' '( ) e
t z z z

Hu w u g u u′ ′ ∞

σ μ′ ′ ′ ′ ′ ′− = β θ − θ + ν −
ρ

  (1) 

     v't' – w0v'z'  = νv'z'z' – v
He ′

ρ
σμ 2

0
2

      (2) 

     ' 0 ' ' ' '( ' ' ) 'p t z z z zc w k q′ρ θ − θ = θ − ,            (3) 

The initial boundary conditions of the problem are  

∞′=′=′=′ θθ,0vu  0'' ≤tatzallfor , 

0 ', 0, ( ' )wu u v ct∞ ∞′ ′ ′ ′ ′ ′ ′= = θ = θ + θ − θ   

at   z' = 0 for t' > 0, ∞===′ '',0',0 θθvu  
                   as  z' →∞  for  t'> 0.         (4)               

where  g, the acceleration due to gravity; β , the 
coefficient of volume expansion of the fluid; ν , the 
kinematic viscosity; ρ , the density; θ ′  the fluid 

temperature inside the thermal boundary layer; ∞′θ , 
fluid temperature away from the porous wall; k, the 
thermal conductivity, pc  the specific heat of the 

fluid under constant pressure and  c = 
ν

2
0'u . 

The local radiant for the case of an optically thin 
gray gas is expressed by          

* * 4 44 ( )zq a′ ∞′ ′ ′= − σ θ − θ .           (5) 

where *a is the absorption coefficient and *σ  is the 
Stefan-Boltzmann constant.   
We assume that the temperature differences within 

the flow are sufficiently small such that 4θ′  may be 
expressed as a linear function of the temperature. 

This is accomplished by expanding 4θ′  in a Taylor 
series about ∞θ′  and neglecting higher order terms, 
thus 

434 34 ∞∞ ′−′′≅′ θθθθ .            (6) 
By using equations (5) and (6), equation (3) reduces 
to 

( )* * 3
0( ) 16p t z z zc w k a′ ′ ′ ′ ∞ ∞′ ′ ′ ′ ′ ′ρ θ − θ = θ + σ θ θ − θ   (7)   

On introducing the following non-dimensional 
quantities 

 

2
0

0 0
2

0 0

0
2 2

0
3 2
0 0

* 2 * 3

2
0

'u' 'u , , ,

' ' ', , ,

( ) , ,
'

16 , Pr ,

w

w e

p

t u vt v
u u

z u wz w
u

g HGr M
u u

caR
k u k

∞

∞

∞

∞

′ ⎫
= = = ⎪′ ′ν ⎪

⎪′ θ − θ
= θ = = ⎪

′ ′ ′ν θ − θ ⎪
⎬

′ ′ν β θ − θ σμ ν ⎪= = ⎪′ ρ
⎪

ρν′ν σ θ ⎪= = ⎪′ ⎭
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into equations (1), (2) and (7), we get, 
uMuGrwuu zzzt ++=− θ ,   (9)  

vMvwuv zzzt −=− ,                   (10)  

θθθθ R)wPr( zzzt −=− ,          (11) 
where Gr = Thermal Grashof  number, M = Hartmann 
number , Pr = Prandtl number,  
R = Radiation parameter. 
The transformed boundary conditions 

⎪
⎭

⎪
⎬

⎫

>∞→→→→
>====
≤===

.0,0,0,0
,0,0,,0,1

0,,0,0,0

tforzasvu
tforzattvu
tatzallforvu

θ
θ
θ

 (12)               

The equations (9)-(11) subject to the boundary 
conditions (12) describe the hydromagnetic free-
convection flow past the moving porous plate. 
Introducing the complex velocity F = u + iv, we find 
that equations (9) and (10) can be combined into a 
single equation of the form 
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Ft – wFz = Gr θ + Fzz – MF.    (13) 
The corresponding transformed boundary conditions 
in the complex notations are given as 

F = 0, θ = 0  for all z , at t ≤ 0, 
F = 1, θ = t     at  z=0,  fort>0 ,     (14)     

F→ 0, θ → 0  as  z → ∞,  for t > 0 . 
In order to find the solution of equation (13), we 
take Pr = 1. This is possible assumption since the 
Prandtl number is a measure of relative importance 
of viscosity and heat conductivity in the fluid. For 
most gases the Prandtl number is of unit order, so 
that the velocity and the thermal boundary layer will 
be of the same order of thickness (cf. Houghton and 
Boswell [20] ). By using the Laplace transformation 
technique solutions of equations (11) and (13) subject 
to the boundary conditions (14) are derived as: 

F = A1 A3 (η1 exp X1 erfcη –η2expX2 erfcη2) – A2A3 (η3 
exp X3 erfcη3 – η4 exp X4erfcη4) 

        +
2
1

(exp X1 erfcη1+ exp X2 erfcη2),         (15) 

4 5 5 5 6 6 6{ exp exp }A X ecfc X erfcθ = η η − η η    (16) 
Using equation (15), we get the following expression 
for the skin friction components τx and τy as: 
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where all Ai's, Xi's and ηi's are given in the appendix. 
In equations (15)-(17), the argument of the 
complementary error function and error function is 
complex. Hence in order to obtain the x- and y-
components of velocity, temperature and skin-
friction, it is necessary to introduce some properties 
of the error function with complex arguments due to 
Abramowitz and Stegun [21]: i.e. 

2 1 cos(2 )exp( )( )
sin(2 )2

cdcerf c id erf c
i cdc
−⎧ ⎫−

+ = + ⎨ ⎬+π ⎩ ⎭

{ }
2 2

2 2
1

2exp( ) exp( 4) ( , ) ( , )
4 n n

n

c n f c d ig c d
n c

∞

=

− −
+ +

π +∑  (18) 

where:  
fn(c, d) =2c– 2c cosh(nd)cos(2cd) 

+ n sinh(nd)sin(2cd),                (19) 
gn(c, d) =2c cosh(nd)sin(2cd) 

+ n sinh(nd)cos(2cd),        (20) 
and )id,c(erf10)d,c( 16−≅∈ . 
RESULTS AND DISCUSSION 
The expressions for velocity, temperature and the 
skin friction τ are calculated numerically for 
different values of suction parameter w, Hartmann 
number M, Grashof number Gr, Radiation parameter 
R and time t. The resultant velocity profiles are 
shown graphically in Figure-1. It is observed that the 
amplitude F of the velocity decreases with the 
increase of Grashof number Gr and suction parameter 
w. The velocity F increases with the increase of 
Hartmann number H and time t. But no alteration in 

the velocity is found with the increase of Radiation 
parameter R. The temperature profiles are presented 
in Figure-2. This figure clearly shows that the 
temperature decreases with the increase of suction 
parameter w,  

 
Figure 1. Velocity profiles 
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Figure 2. Temperature profiles 

 
Figure 3. Variations of skin-friction 

Prandtl number Pr and Radiation parameter R. But 
increase with the time t only. Figure-3 shows the 
variation of the skin-friction with various values of 
different parameters. This figure clearly depicts that 
the skin friction τ increases with the increase of 
suction parameter w, 
Radiation parameter R. But τ decreases with the 
increase of Hartmann number M and Grashof number 
Gr. 
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CONCLUSIONS 
(i) The amplitude of the velocity field decreases 

with the increase of Grashof number and suction 
parameter but the reverse effect is observed in 
case of Hartmann number and time span. 

(ii) The radiation parameter has no significant 
effect on velocity field. 

(iii) The temperature field decreases with the 
increase of either suction parameter or Prandtl 
number or radiation parameter but the reverse 
effect is observed in case of time span. 

(iv) The skin friction co-efficient increases with the 
increase of either suction parameter or radiation 
parameter whereas the opposite effect is 
marked in case of Hartmann number and Grashof 
number.   
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