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Abstract: In this paper an equilibrium problem of two-layered curved composite beam with flexible shear connection is considered. Both end cross
sections of the considered curved beam are radially guided. The applied load acts in radial direction. Three types of load are considered. In Example 7
the curved composite beam is partially loaded by uniform radial load. In Example 2 on the whole upper part of the curved beam is loaded by uniform
radlial load. The third example deals with the concentrated radial load. In all three cases the solution for radial displacement and cross sectional
rotations are obtained by Fourier’s method and by the application of derived formulae the slip and the normal force, the shear force and the bending

moment are determined.
Keywords:curved beam, composite, interlayer slip

INTRODUCTION

Composite members have long been used in many civil engineering
structures. In general they consist of two or more elements of the
same of different materials connected by some means to form a single
structural unit [5]. The problem of layered straight beam with
imperfect shear connection has been studied for a long time. The first
theory of this type of composite beams was developed by Newmark et
al. [6]. The static analysis done by Newmark et al. [6] is based on the
Luler-Bernoulli beam theory and become a basis of subsequent
investigations of the layered beam with interiayer slip [7—10]. Above
mentioned papers deal with straight layered beam. In [2] a two-layer
ring with interlayer slip under the action of static load is analysed. In
this paper we consider two-layered curved composite beam with
imperfect shear connection whose deformation is in plane
deformation. Our aim is to give the complete strength of materials
solution of the equilibrium problem for curved composite beam with
flexible shear connection shown in Figure 1. Both ends of curved
composite beam are radially guided and the curvature is uniform. The
formulation of the problem will be given in cylindrical coordinate
system Orz. The plane z =0 s the plane of symmetry for the

material, geometrical, loadling and supporting conditions. Let

B = {(r,qo,z)|(r,z) ed, 0<p< 205}, (i=12) (1)
be where A Is the cross section of beam component B, whose
elastic material has Young modulus E. (i=1,2) according fo
Figure 1. The connection of beam component B, and B, at their

common cylindrical boundary OB, , , which is given by next equations

)

in radlial direction is perfect, but in dircumferential direction may be
Jjump in the displacement field. This possible jump is called the

r=c, 0<p<2q, |z|£%,
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interlayer sljp. The applied radial load is f as shown in Figure 1. It is
assumed that each curved layer separately follows the Fuler-Bernoulli
hypothesis and the load-slip relation for the flexible shear connection
is linear. The paper presents solutions for radial displacement, sljp,
cross-sectional roz‘az‘/gns and internal forces.

Figure 1. Curved composite beam
GOVERNING FQUATIONS

Denote the unit vectors of ¢ylindrical coordinate system Orgz e,

e, ande.. The next displacement field will be used to describe the
in-plane deformations of curved composite beam [2-4]

u=ue, +ve,+we, u=U(p), w=0, 3)
V(V’¢’Z):r¢i(¢))+((iil;’ (4}
(r,q),z)eBi, (i=1,2).

Application of the strain displacement relationships of the linearized
theory of elasticity gives [1]

gr:gzzyr(p:]/(pz:]/rz:()’ (-57
_1(dU dg,
€¢—r[d€02 +Uj+d(p, (6/

(r,(o,z)eBi, (i:1,2).
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The strains given by Egs. (5), (6) satisfy the requirements of the Fuler- d’N AN =0, 21)
Bernoulli beam theory, only €, Is different from zero and all the de’
shearing strains vanish. From the definition of interlayer slp s it iiﬂ =0, (22)
follows that (Figure 7) v ¢ )
¢)=c[¢1(¢)—¢2(¢)]. (7) d¢l_K(¢1_¢z):O'
A detailed analysis gives the next expression for the interlayer shear In £q. (23)
force [2] K =ktc’. (24)
T(p)=ket[ ¢,(0)- ()], (8) We note, the unit of k is force/(lengthf and the unit of K is
where ks the sljp modulus, t is the thickness of cross section and (force)(length). Detailed forms of £gs. (21-23) are as follows
the common cylindrical boundary of B, and B, is given by r = c %(‘; aw, WJ +AE, [3 b, ‘;ﬁj (25)
and | Z| <t /2. Application of the Hooke's law gives for normal stress &4, dg
+A4,E 2412 |- f =0,
. [iis)
2
R 2 AE, Y 4 g 4O AEd¢2=o (26)
%_E,.sz J+d¢}’ & T
(r.p.2)e B, (i=12). A i aE d¢; K(4-¢)=0. (27)
The internal forces are defined as do do '
N = J% dA, (i=12), N=N,+N, (10) In the present problem the boundary conditions can be formulated as
;) 4(0)=0, S(0)=0, j—U —0, (28)
M,=[ro,dd, (i=12), M=M,+M, (17) o=0
I , 40a)=0, seay=0, Y o, (29)
The connection between the shear force S and normal force N is as do|,_,,
follows [3, 4] SOLUTION BY FOURIER SERIES EXPANSION
g ((0) __dv (12) We will use the next representation by Fourier series of applied radial
do’ load which is given by as (Figure T)
Combination of Eq. (9) with Egs. (10), (11) yields fi(@)=—f[H(p—a+p)-H(p-a-p)], B0
_ AE, d¢i . - T
Ni—TiW-FAiEi@, (1—1,2), (13) fr(¢):f0+j§0fjcosja¢’ (37)
M =AEW +rAE, % (i=1,2), (14) where f =constant /s the applied radial loag, H Is the Heaviside
function and
where .. jnp
2 cos jrrsin {3 2}
__ B s
izij.%, rizij‘rdA, (i=12), (15) So=—Sg Si=/ o
R, a7 ) (j=L2...).
()= U LU (16) We look for the solution of considered equilibrium problem for
do’ .
=U(¢), ¢ =9¢(90),(i=12) as
From Egs. (10-14) it follows that ( ) ( ) ( ) . in )
U(p)=U,+Y U, cos?=p,
v="Eyar j¢1+AE ‘31% (17) (#)=Uo+ LU, c08° "0
@ @ o i
o (o)= ¢ﬁsinj—(o, i =1,2). (34)
G (AEdW AEd¢ d%j (18) (o) ; o " =)
R d These functions satisty all boundary conditions formulated by Egs.
M = AEJV +1 AE, d_¢1 1 AE, d¢, (19) (28), (29). Substitution £{]5. (31), (33), (34) into £gs. (21-23) leads to
de d the next system of equations
Here we introduce A, E,, R which are defined as U, = R ﬁ, (35)
AE, o
E A +E, 4, 0
A=4+4,, E,= y > (20) AX, =b, A/':[amn/]’ (36)
AE, AE, AE T T
o - A5 Dby x,=\U,.¢,.¢,|, b,=|/,00],
R R + R J [ J -9 :| |:f :|

1 2

The next equations of equilibrium will be used [2, 3]
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4B [( iz} T
a,; = R0|:(J”j —1‘| )
a
AEjx|  (jxY
alzj o 1- ; .
. 2
a5 AZEzjﬂ [1—[”) ‘|:
/ a a
AE, jr ’
azlj_Rojﬂl:(a _1:|9
)2
Ay —1A4E, (;J )
jrY
ay; = n4,E, (;j >
AEjx|( jm 2_1
3 a a ’
jrY
a32j:_riA1El(aj -K,

ay, =K, (j=12,..).
From the solution of system of linear equation (36) we obtain
expressions of deflection U ()

9

¢,(0), ¢, (). Applications of formulae (10-14) give the expressions

of internal forces and couples.
EXAMPLES
Example 7

The next aata are used in Example 1. o = % B= % f=1[N],

a=0.04[m], 5=0.02 [m], ¢=0.03 [m], E, =10" [Pa],
E, =8x10° [Pa], k=80x10" [N/mﬂ. Figure 2 shows the

deflection and the graph of slijp function is shown in Figure 3.

@ [rad]
05 1

0 13

-1,5%10° 1
-2, %101
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-3, x10°1
-35x10° 11
-4, %101

U

f

|2

[+

Figure 2. Plot of the deflection function
6, % 10 124

12

= .

5

|

m | 4=10°
v

12 |

2, »= 10"

u]

0.5
@ [frad]

-2, =107 124

12 |

-4, =% 10"

-6, = 10 12

Figure 3. Plot of sljp function

and cross-sectional rotations
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The graphs of internal forces N, S and bending moment M  are
presented in Figures 4, 5, 6.

o [rad]
(38) 0 05 L 15
-0,72
N _pa]
(39) -0,24
0,251
0,26
(40) 0,27
Figure 4. Plot of the normal force function
(47} 0,154
5 0107
(42) S 005
i . . :
05 1 1,5
(43) -0,05 ] @ frad]
-0,104
(44) -0,15

45) Figure 5. Plot of the shear force function
Example 2
the In Example 2 the same data are used as in Example 1 except 3,

which Is here ﬁ:% (Figure 7). In this case we have

R 1.041279x107" [m/N], =6, =0, N = 1,
0

v_
/
s=0,M

= R=-0.033737 [m].

rad
oF [

~0,005 ]
E[m] -0,006
I3 -0,007 ]
—0,002
—0,005 ]
~0,010]
-0,011 ]
_0,012 ]

Figure 6. Plot of bending moment

Figure 7. The case of B = o
Example 3
Example 3 deals with the case of concentrated load applied at
@ = as shown in Figure 8. From equations of the third Section
(Solution by Fourier series expansion) we obtain formulae concerned
to the case of concentrated load by next limit calculation B — 0 and
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f = suchthat F =281 Isa given finite value. The results of
computations are shown in Figures 9-13. In Figures 9 and 10 the
deflection function and the sljp function are shown, the internal forces
N and S are shown in Figures 11 and 12 and the graph of bendling
moment is presented in Figure 13,

Figure 8. The case ofconcentrated load (8 — 0, f — )

g [rad]
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Figure 9. The plotof U for f — 0, f — o0
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Figure 10. The plotof s for f — 0, f — o
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Figure 1. Theplotof N for § — 0, f — o0
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Figure 12. The plotof S for f — 0, f —
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rad
0.5 v [ ]1 1.5

Figure 13. The plotof M for f — 0, f — o

CONCLUSIONS

Paper presents the solution of a static problem of a two-layered

composite curved beam with flexible shear connection for radial

displacement, slip, normal force, shear force and bendling moment.

The applied load acts in radial direction and the end cross sections of

curved beam are radially guided. The presented analytical, solution

a@n be used as benchmark solution to check the validity of the

different numerical methods, such as finite differences and finite

element method.
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